The natural frequency of nanotubes with consideration of surface effects is studied using the nonlocal Timoshenko beam theory. This theory with long-range interactions revealing the nanoscale effect can be applied to study the vibration behavior of nanostructures. When the nonlocal effect is neglected in the analysis, the result is identical to the previous study which used a modified Timoshenko beam theory. According to the analysis, the application of the modified Timoshenko beam theory for nanotubes would lead to an underprediction of the natural frequency.
I. INTRODUCTION
Surface effects are significant to the nanostructure materials and can influence the physical and chemical properties of nanomaterials due to the increases in the ratio of surfaceto-volume. Therefore, much theoretical and experimental work has been done in recent years to investigate the surface effects on nanostructures. For example, Chen et al. 1 experimentally measured the Young's modulus of ZnO nanowire and found that the surface effects on the elastic property of the nanowire are significant. He and Lilley 2 studied the surface effects on the elastic behavior of static bending nanowires using the Euler-Bernoulli beam theory. Wang and Feng 3 examined the surface effects on the axial buckling and the transverse vibration of nanowires by using the Timoshenko beam theory. They found that the surface effects with positive surface constants tend to increase the critical axial force and the natural frequency and the shear deformation tends to decrease the critical axial compression force and the natural frequency.
Continuum-based formalisms for nanoscale mechanics were proposed that include the effects of surface stress and surface elastic constants on the mechanical behavior. [4] [5] [6] Recently, Bar On et al. 7 developed a continuum model and atomistic simulations to study the surface effects and material heterogeneity on nanobeams. They demonstrated that the surface effects can strongly influence the stress and deformation properties of nanodevices. Farshi et al. 8 utilized the modified Timoshenko beam model, including the surface effects, to analyze the vibration of nanotubes as well as calculate their natural frequencies.
Chen et al. 9 formulated a theoretical framework to examine the size effect due to both nonlocal effect and interface effect for a composite material and found that both nonlocal and surface effects dominate the size-dependent effective property of the material on nanoscale. In this paper, based on the concept of Chen et al., 9 the nonlocal elasticity theory and Timoshenko beam theory are used to analyze the natural frequency of nanotubes with consideration of surface effects. The nonlocal elasticity theory is a modified classical elasticity theory. This theory with long-range interactions revealing the nanoscale effect on the response of structures is often applied to analyze the vibration behavior of nanotubes. [10] [11] [12] In addition, the effects of nonlocal parameter and surface tension on the natural frequency of the nanotubes are investigated.
II. ANALYSIS
A schematic diagram of a nanotube with inner and outer thin surface layers is described as a simply-supported beam as depicted in Fig. 1 . The nanotube with length L has the inertia moment I, the Young's modulus E, the shear modulus G, the volume density , the cross-sectional area A, and its transverse displacement Y depends on the spatial coordinate X and time t. The thickness, inner and outer radii of the nanotube are h, R i , and R o , respectively. In this article, the vibration behavior of the nanotube is analyzed using the nonlocal Timoshenko beam theory. The equations governing of the nonlocal Timoshenko beam include two coupled differential equations expressed in terms of the lateral displacement and the angle of rotation due to bending. The governing equation of transverse vibration for the nanotube with consideration of surface effects can be expressed as 8, 13 
where e 0 a is the nonlocal constant, and it is used to modify the classical elasticity theory and is limited to apply to a device on the nanometer scale. 14 K is the shear factor; is Poisson's ratio; is the rotation angle of the nanotube which depend on the spatial X and time t. E ‫ء‬ I ‫ء‬ is the effective flexural rigidity which includes the surface bending elasticity on the nonotube and its flexural rigidity. H is the constant parameter which is determined by the residual surface tension and the shape of cross section. Here, the parameters E ‫ء‬ I
‫ء‬
and H are defined as
where E s and are the surface elasticity modulus and residual surface tension per length on the nanotube, respectively.
Eliminating in Eqs. ͑1͒ and ͑2͒, the following equation is obtained:
In order to find the natural frequency, one assumes that:
where is the angular frequency. By introducing the non-dimensional coordinates x = X / L, y = W / L, and substituting Eq. ͑6͒ into Eq. ͑5͒, one obtain
where
and = e 0 a L . ͑8͒
The above parameters , b, u, and ␦ denote the dimensionless nonlocal parameter, natural frequency, surface elasticity modulus and residual surface tension, respectively. While simple support boundary condition for the nanotube, the dimensionless mode shape can be expressed as
where n = n , n =1,2,3... Substituting Eq. ͑9͒ into Eq. ͑7͒, the characteristic equation is obtained as follows:
given by Eq. ͑8͒, the dimensionless natural frequency is
While neglecting the nonlocal effect ͑i.e., =0͒, Eq. ͑10͒ can be reduced to
The above characteristic equation is identical to that obtained by Farshi et al. 8 When the terms of rotational inertia and shear deformation in Eq. ͑10͒ are neglected, the characteristic equation and natural frequency, f E , based on the Bernoulli-Euler beam theory can also be obtained.
III. RESULTS AND DISCUSSION
In order to know the effect of relative parameters on the natural frequency of nanotubes, we consider the material properties of an anodic alumina nanotube with crystallographic of ͓111͔ direction as follows: 8 Timoshenko beam includes the effects of rotary inertia and shear deformation. It is expected that the frequency ratio of a Timoshenko beam to a Bernoulli-Euler beam is less than unity. It can be seen that the effects of rotary inertia and shear deformation on the frequency can be negligible when the value of L / R o is large enough. In addition, the nonlocal effect on the ratio value of f / f E is significant, particularly for a smaller value of L / R o and at the higher-order modes. Figure 3 shows the surface tension effects on the frequency ratio of mode 1 of a Timoshenko beam to a Bernoulli-Euler beam for the nanotube with L / R o = 10 at different values of R o / h and nonlocal parameters. When the value of R o / h is small, the ratio value is large because the nanotube is stiff. In addition, the surface tension effects result in an effective force that tends to strengthen the nanotube. Therefore, the frequency ratio of the nanotube increases when the surface tension effects are considered in the analysis. It can be seen that increasing the nonlocal parameter increases the frequency ratio. This is because the nonlocal effect is taken into account that makes the nanotube stiffer.
IV. CONCLUSIONS
The nonlocal Timoshenko beam theory was used to study the natural frequency of nanotubes with consideration of surface effects. The effects of nonlocal parameter and surface tension on the frequency ratio of frequency ratio of a Timoshenko beam to a Bernoulli-Euler beam were analyzed. Results showed that the nonlocal effect on the frequency ratio is significant, particularly for a smaller value of aspect ratio and at the higher-order modes. Increasing the nonlocal parameter increased the frequency ratio of the nanotubes. In addition, the frequency ratio also increased when the surface effects were taken into account in the analysis. 
